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Lagrangian statistics and flow topology in forced two-dimensional turbulence
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A study of the relationship between Lagrangian statistics and flow topology in fluid turbulence is presented.
The topology is characterized using the Weiss criterion, which provides a conceptually simple tool to partition the
flow into topologically different regions: elliptic (vortex dominated), hyperbolic (deformation dominated), and
intermediate (turbulent background). The flow corresponds to forced two-dimensional Navier-Stokes turbulence
in doubly periodic and circular bounded domains, the latter with no-slip boundary conditions. In the double
periodic domain, the probability density function (pdf) of the Weiss field exhibits a negative skewness consistent
with the fact that in periodic domains the flow is dominated by coherent vortex structures. On the other hand, in
the circular domain, the elliptic and hyperbolic regions seem to be statistically similar. We follow a Lagrangian
approach and obtain the statistics by tracking large ensembles of passively advected tracers. The pdfs of residence
time in the topologically different regions are computed introducing the Lagrangian Weiss field, i.e., the Weiss
field computed along the particles’ trajectories. In elliptic and hyperbolic regions, the pdfs of the residence time
have self-similar algebraic decaying tails. In contrast, in the intermediate regions the pdf has exponential decaying
tails. The conditional pdfs (with respect to the flow topology) of the Lagrangian velocity exhibit Gaussian-like
behavior in the periodic and in the bounded domains. In contrast to the freely decaying turbulence case, the
conditional pdfs of the Lagrangian acceleration in forced turbulence show a comparable level of intermittency in
both the periodic and the bounded domains. The conditional pdfs of the Lagrangian curvature are characterized,
in all cases, by self-similar power-law behavior with a decay exponent of order −2.
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I. INTRODUCTION

The emergence of coherent structures is a well-established
phenomenon in two-dimensional turbulence [1]. These struc-
tures are characterized by localized regions of intense vorticity
and have a direct impact on the flow dynamics and the transport
[2]. In particular, vortices tend to trap tracers for long times,
while strong shear can lead to large relative displacements of
tracers [3–5]. The combined effect of vortex trapping and free
streaming along shear flows is important because it can lead
to anomalous diffusion [6,7]. Therefore, it is of significant
theoretical and practical interest to understand the relation
between coherent structures and transport. The present paper
focuses on this problem from a Lagrangian perspective.

By means of direct numerical simulation, we study transport
of passive tracer particles in a turbulent flow. Due to the
nontrivial spatio-temporal dynamics of the flow field, the
particle trajectories are stochastic, and one has to resort to
statistical tools to characterize the Lagrangian dynamics. This
leads to the problem of understanding the role of coherent
structures on the Lagrangian statistics of tracers. Although
important progress has been made, this problem is not well
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understood. In particular, most studies have focused on the
statistics of the Lagrangian displacements [3,8,9]. Although
this problem is of great interest for the understanding of
dispersion and transport of passive scalars, there are other
Lagrangian quantities of interest. For example, the study of the
statistics of the curvature and the acceleration of Lagrangian
trajectories in fluids has been the object of recent experimental
[10] and numerical studies [11–13].

The study of the acceleration and the curvature along
particle trajectories in turbulent flows is directly related to
the problem of intermittency and non-Gaussian statistics. This
is because the Lagrangian acceleration and curvature time
series typically contain “bursty” phenomena that give rise
to slowly decaying non-Gaussian tails in the corresponding
probability density functions (pdfs). In Ref. [10] a high-speed
particle-tracking system was used to measure the curvature,
κ = |an|u−2

L , where an is the normal acceleration and uL is
the Lagrangian velocity, of trajectories in a turbulent closed
water flow between counter-rotating disks. It was shown that
the pdf of the curvature values exhibits power-law decay
of the form ∼κ−5/2. The result was confirmed in three-
dimensional direct numerical simulations [11]. The statistics
of the Lagrangian curvature and acceleration was also stud-
ied numerically in decaying two-dimensional turbulence in
Ref. [12], where it was shown that the Lagrangian acceleration
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exhibits exponential tails, and the pdf of the curvature decays
as ∼κ−2.25.

The curvature of fluid particle trajectories is directly related
to the Lagrangian acceleration. This quantity has received
considerable attention during the last decade, in particular
in the framework of homogeneous and isotropic turbulence
[13,14]. The effect of boundaries on the Lagrangian statistics
was addressed in Ref. [15], where it was shown that, in the case
of decaying turbulence, the Lagrangian acceleration is more
intermittent in confined domains than in periodic domains.

In this paper we focus on the influence of the flow
topology on the Lagrangian dynamics. We investigate the
statistics of Lagrangian velocity, acceleration, and curvature,
but in contrast to previous works, we study the problem
of forced turbulence in unbounded and bounded domains.
Most importantly, going beyond previous studies on the
relation between the flow topology and Lagrangian statistics,
we consider the conditional probability of the Lagrangian
curvature and acceleration on the flow topology, which we
characterize introducing the Lagrangian Weiss criterion.

The remainder of the paper is organized as follows.
Section II defines the forced, two-dimensional turbulence
model in periodic and bounded circular domains, and discusses
the numerical methods used in the integration of the model
and in the integration of the Lagrangian orbits. Section III
discusses the characterization of the flow topology in terms
of the Weiss field. The residence-time statistics are presented
in Sec. IV. The conditional statistics (on the flow topology)
of the Lagrangian velocity, acceleration, and curvature are
discussed in Sec. V. Finally, Sec. VI presents the conclusions.

II. TURBULENCE MODEL

The turbulence model is based on the two-dimensional
Navier-Stokes equations written in dimensionless form

∂ω

∂t
+ V · ∇ω − ν∇2ω − Fω = −1

η
∇ × (χV ), (1)

∇ · V = 0, (2)

where V = (u,v) is the flow velocity, ω = ∇ × V is the
vorticity, ν is the kinematic viscosity, and Fω an external
force. We consider two different types of domains: a double
periodic domain (unbounded) and a circular domain with
no-slip boundary conditions (bounded). The term on the
right-hand side of Eq. (1) is a volume penalization term that
takes into account the no-slip boundary conditions using χ as
mask function [16–18]. This term is absent in the periodic
domain calculations. In the case of bounded domains, the
mask function vanishes inside the fluid domain (χ = 0) and
is equal to one outside the fluid domain (χ = 1), where the
no-slip boundary conditions are imposed. The permeability η

is chosen sufficiently small for given ν in order to ensure the
convergence of the volume penalization method [18]. Here we
use ν = 5 × 10−4 and η = 10−4. For the periodic geometry,
the Reynolds number is Rep = S

√
E/ν = 2.5 × 104, where

S = 2π corresponds to the domain size and E = 1/2〈V 2〉x
is the turbulent kinetic energy with V the velocity and
〈·〉x denoting the spatial average. For the circular geometry

the Reynolds number is Rec = 2r
√

E/ν = 2.4 × 104, where
r = 2.8 is the radius of the circle.

To obtain a statistically stationary flow we consider
Fω = Fr − βψ , where Fr denotes a random isotropic stirring
at small (k = 8) wavenumbers. The Rayleigh friction term
−βψ is added to avoid the accumulation of energy at large
scales due to the inverse energy cascade. For the periodic
domain we choose β = 1. However, for the confined domain
case we choose β = 0, since the wall plays the role of an energy
sink, and there is no need for extra large-scale dissipation. Note
that in the periodic case the forcing term is delta correlated. In
the confined domain, a time correlation is introduced into the
forcing term, by using a discrete Markov chain as in Ref. [19],
F (tn+1) = αF (tn) + (1 − α2)1/2Fω, where α = 1−�t/τc

1+�t/τc
and

τc = 10−2. This time correlation is smaller than the viscous
timescale and serves only to improve the numerical stability.

The numerical scheme is based on a classical pseudo-
spectral method, fully dealiased, and the resolution is N =
5122 grid points. The time integration is of semi-implicit
type with �t = 1.10−4 [18]. The particle trajectories were
calculated by interpolating the Eulerian quantities and by using
a second-order Runge-Kutta scheme for time integration. The
Lagrangian acceleration is the sum of the pressure gradient,
viscous diffusion, and external forcing

aL = −∇p + ν∇2u + f , (3)

where f is constructed by applying the Biot-Savart operator
to Fω. The Lagrangian statistics were computed by ensemble
averaging over 104 trajectories. Each trajectory was integrated
for 5 × 105 time steps, which correspond to 800 τ , where τ =
1/

√
2Z = 0.0622 is the eddy turnover time and Z = 1/2〈ω2〉x

the enstrophy. Figure 1 shows snapshots of the vorticity field
in the periodic and the bounded domains. The characteristic
emergence of coherent vortices in two-dimensional turbulence
can be observed. Note the relatively strong vorticity values at
the no-slip boundary in the circular domain.

III. FLOW TOPOLOGY

Since the flow is two-dimensional and incompressible,
V = ẑ × ∇ψ , where ψ(x,y,t) is the stream function. The
Lagrangian orbits are then obtained from the solution of the
Hamiltonian system

dx

dt
= −∂ψ

∂y
,

dy

dt
= ∂ψ

∂x
, (4)

where ψ plays the role of the Hamiltonian, and (x,y) are the
canonically conjugate variables. By flow topology we mean the
topology of the streamlines, which corresponds to the topology
of the Hamiltonian. The study of the location and dynamics of
the fixed points of the Hamiltonian, which are the stagnation
points of the flow, is one of the most natural topological
consideration with direct impact to transport. Elliptic fixed
points give rise to trapping regions, and hyperbolic fixed
points induce rapid mixing and stretching [20]. However,
the nontrivial spatio-temporal dependence of fluid turbulence
makes the identification and tracking of the elliptic and
hyperbolic regions rather difficult. Among the experimental
works addressing this problem are Refs. [21,22], which
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FIG. 1. (Color) Snapshots of the vorticity field at t = 25 in forced two-dimensional turbulence in a double periodic domain (left panel)
and in a bounded circular domain (right panel). Red denotes cyclones, ω > 0; blue denotes denotes anticyclones, ω < 0; and yellow denotes
regions of vanishing vorticity.

proposed a method to characterize the elliptic and hyperbolic
points of flows exhibiting spatio-temporal chaos based on the
measured Lagrangian curvature of tracer-particle trajectories.
These, as well as other experimental studies (see, for example,
the recent review in Ref. [13]), have pointed out the need for
a deeper understanding of the impact of the flow topology on
transport and the need for novel diagnostics to understand the
Lagrangian statistics.

The characterization of the flow topology used here is based
on the Okubo-Weiss criterion [23,24], which is an approximate
method of partitioning a flow field into topologically distinct
regions. From the physics point of view the flow is divided
into vorticity-dominated regions, which correspond to elliptic
regions, strong deformation regions, which correspond to
hyperbolic regions, and intermediate regions. The partition
is based on the relative value of

Q = s2 − ω2, (5)

where ω = ∂xv − ∂yu is the vorticity and s2 = s2
1 + s2

2 is the
deformation where

s1 = ∂u

∂x
− ∂v

∂y
, s2 = ∂v

∂x
+ ∂u

∂y
. (6)

Using the local value of Q, the flow domain can be partitioned
in three disjoint regions:

(i) strongly elliptic for which Q � −Q0

(ii) strongly hyperbolic for which Q � Q0

(iii) intermediate regions for which −Q0 < Q < Q0,
where Q0 is arbitrarily chosen as the standard deviation
of the values of Q, i.e., Q0 =

√
〈Q2〉, where 〈·〉 is the

ensemble average. Although this way of partitioning the flow
has limitations, since it is based on the linearization of the
Navier-Stokes equation [25], it is a conceptually simple tool
that has provided key insights in the understanding of the
dynamics of turbulence and Lagrangian transport in fluids and
plasmas [3,26].

Figure 2 shows a snapshot of the spatial distribution of
the three-level, normalized Weiss field, Q̂ = Q/Q0, in double
periodic and bounded domains, corresponding to the flow
fields in Fig. 1. The values of Q0 are 170 and 300 for the
periodic and confined domain, respectively. Consistent with
the fact that elliptic regions are dominated by rotation, the
negative regions are concentrated inside cyclones, ω > 0, and
anticyclones, ω < 0, i.e., the coherent vortices. The circu-
lation cells surrounding the vortices correspond to strongly
hyperbolic regions, which are dominated by deformation.
The background turbulent field is characterized by small
intermediate positive and negative values of the Weiss field.
Consistent with the no-slip boundary conditions, the boundary
in the circular domain exhibits high values of |Q|.

IV. RESIDENCE TIME

The space-time-dependent function Q(x,y,t) in Eq. (5) is
the Eulerian definition of the Weiss field. Alternatively, given
a trajectory (x(t),y(t)) obtained from the solution of Eq. (4),
the Lagrangian Weiss field is defined as the time-dependent
function QL(t) = Q(x(t),y(t),t), i.e., the value of Q along
the particle trajectory. Figure 3 shows the pdfs of the Eulerian
Weiss field and the Lagrangian Weiss field for both periodic
and bounded domains. The Eulerian pdfs are obtained from a
histogram of the spatial values of Q at a fixed time, and the
Lagrangian pdfs are obtained from the histogram of values
along the trajectories of a large ensemble of particles. The
relatively good agreement of both pdfs indicates a consistent
statistical sampling of the Lagrangian initial conditions. This is
consistent with the fact that the Eulerian and Lagrangian pdfs
must be the same in the limit of an infinite number of particles
in incompressible and statistically stationary turbulent flows.
As Figs. 1 and 2 show, there are typically more coherent
vortices in the periodic domain than in the bounded domain.
This explains the asymmetry of the pdf in Fig. 3 skewed
toward negative Q values in the periodic case. An interesting
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FIG. 2. (Color) Snapshots of three-level Weiss field, Q̂ = Q/Q0, at t = 25 in forced two-dimensional turbulence in a double periodic
domain (left panel) and in a bounded circular domain (right panel). The flow fields correspond to those shown in Fig. 1. Blue denotes strongly
elliptic regions with Q̂ � −1; red denotes strongly hyperbolic regions with Q̂ � 1; and yellow denotes intermediate regions with −1 < Q̂ < 1.

difference is also observed in the decay of the tails. In the
bounded case, the pdf exhibits slowly decaying algebraic-type
tails indicative of very large intermittent values of the Weiss
field coming from the boundary. In contrast, in the periodic
case the pdf decays exponentially.

Figure 4 shows typical passive tracer trajectories in the
periodic and the bounded domains colored by the instanta-
neous value of the three-level Lagrangian Weiss field. The
blue sections of the trajectories exhibit the expected spiraling
motion resulting from the vortex trapping in elliptic regions
(Q̂ < −1), which move around the domain. The yellow section
denotes the incursions of the particle throughout the turbulent
background, and red denotes the sections of the orbit in the
circulating cells surrounding the vortices. One of the main
thrusts of this paper is the use of the Lagrangian Weiss field as
a method to characterize the statistics of passive tracers.

In the double periodic and bounded domains, it can be
observed that particles tend to spend relatively short times
in the strongly hyperbolic regions. This is to be expected

since these regions are unstable from a dynamical systems
perspective. On the other hand, the relatively long stay of
particles in strongly elliptic regions results from the trapping
properties of vorticity-dominated regions. To quantify these
ideas we show in Fig. 5 the pdfs of the residence time τ

in the strongly elliptic, P e(τ ), strongly hyperbolic, P h(τ ),
and intermediate, P i(τ ), regions. These pdfs determine the
probability that a given Lagrangian tracer stays in a region
with the same value of the three-level normalized Weiss field
for a given time τ . The Gaussian fluctuations, characteristic
of the turbulent background, result in the exponential decay
of P i(τ ), consistent with the results in Ref. [27] for three-
dimensional turbulence. A possible explanation is that the
particle in the intermediate zone can be related to a Poisson
process that is characterized by a small time correlation and
an exponential pdf. In contrast, P e(τ ) and P h(τ ) exhibit a
self-similar behavior, corresponding to algebraic tails in the
pdf. This is likely caused by the weak chaos, stickiness,
and strong correlations characteristic of the vortex cores and

FIG. 3. Probability density function of Lagrangian (solid line) and Eulerian (dashed line) Weiss field in two-dimensional forced turbulence
in a periodic (left panel) and bounded (right panel) domain. Vertical lines indicate Q = Q0.
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FIG. 4. (Color) Typical passive tracer orbits in two-dimensional forced turbulence color-coded by the instantaneous value of the Lagrangian
Weiss field in a periodic (left panel) and bounded (right panel) domain. Blue denotes strongly elliptic regions with Q̂ = −1; red denotes strongly
hyperbolic regions with Q̂ = 1; and yellow denotes intermediate regions with −1 < Q̂ < 1.

the circulating cells surrounding the vortices. The strong
dynamical instability of the circulating cells is responsible
for the considerably larger decay exponent of P h(τ ), which is
consistent with the relatively shorter red sections (Q̂ > 1) of
the particle orbits shown in Fig. 4. Because vortex trapping is
a local phenomenon insensitive to boundaries, P e(τ ) exhibits
the same decay in the periodic and the bounded domain.
However, since particles in the turbulent background wander
throughout the entire domain, P i(τ ) shows some dependence
on the boundary.

The proposed use of the Lagrangian Weiss field in the
definition of the residence time could be of value in the study
of nondiffusive transport in fluids and plasmas. Early efforts
in the study of passive scalar transport in flows exhibiting
turbulence and chaotic advection were largely based on
diffusion models. In these models, it is implicitly assumed that
the particle trajectories can be described as an uncorrelated,
Gaussian, Markovian stochastic process. However, several
analytical, numerical, and experimental studies have pointed
out the limitations of these statistical assumptions, and recent
works have focused on the development of more general
models; see, for example, Ref. [28] and references therein.
A particularly productive approach is based on the use of
continuous time random walk models; see, for example,
Ref. [29] and references therein. These models generalize the
standard Brownian random walk by allowing more general,
non-Gaussian (Lévy) pdfs describing the particles’ jumps and,
most importantly, by incorporating waiting-time distribution
functions to account for particle trapping. The knowledge
of the jump distribution and the waiting-time distributions
opens the possibility of constructing macroscopic models of
nondiffusive transport using fractional diffusion operators.
The characterization of waiting-time distributions in particle
transport studies in structured flows with simple spatio-
temporal dependence is relatively easy; see, e.g., Ref. [6].
However, in turbulent flows the trapping structures exhibit

random motion themselves and can appear and disappear in the
course of the numerical calculation; see, e.g., Ref. [7]. When
this is the case it is difficult to adopt an objective definition of
a trapping event, and the construction of the waiting-time pdf
becomes nontrivial. One possible approach is to use the pdf of
residence time in strongly elliptic regions, P e(τ ), to construct
the waiting-time distribution. This pdf provides an objective
quantitative measure of the time a particle stays on a vortex
even when, as shown in Fig. 4, the vortex moves.

V. CONDITIONAL LAGRANGIAN STATISTICS

In this section we study the dependence of the statistics
of the Lagrangian velocity, acceleration, and curvature on the
flow topology, using the conditional pdfs of these quantities
with respect to the values of the Weiss field. For each field
(velocity, acceleration, and curvature) we construct three
conditional pdfs determining the probability of a specific
value provided the particle is in a strongly elliptic, strongly
hyperbolic, or intermediate region. For example, P e(aL|Q �
−Q0)daL yields the probability that the Lagrangian accelera-
tion has a value in the range (aL,aL + daL) while the particle
is in a strongly elliptic region. The definition of the conditional
probabilities for the other fields (velocity and curvature) and
for the other regions of the flow (intermediate and strongly
hyperbolic) is analogous.

Figure 6 shows the conditional pdfs of the Lagrangian
velocity in the x direction in periodic (top) and bounded
(bottom) domains. In the periodic case, P e and P h have
Gaussian-type dependence; i.e., in log-normal scale they
exhibit parabolic profiles. On the other hand, P i has an
exponential-type dependence, as shown by the linear decaying
tails in the log-normal scale. This indicates that in the
intermediate region comprising the turbulent background,
the velocity is more intermittent than inside the vortices and
in the straining regions surrounding them. However, as the
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FIG. 5. Probability density functions of residence time for
bounded and periodic domains. Top: pdf, P e(τ ), in strongly elliptic,
Q̂ < −1, regions. Middle: pdf, P h(τ ), in strongly hyperbolic, Q̂ > 1,
regions. Bottom: pdf, P i(τ ), in intermediate, −1 < Q̂ < 1, regions.

bottom panel in Fig. 6 shows, this distinction is less clear in
the bounded domain. The corresponding pdfs in the y direction
(not shown here) display, as expected, very similar behavior.

The conditional pdfs of the Lagrangian acceleration in the
x direction are shown in Fig. 7. It can be observed that the
level of intermittency (characterized by the heavy tails) is
comparable in the double periodic and bounded domains at
least qualitatively, even though the exact numerical values
differ. In particular, in all cases the tails exhibit exponential
decay. This is in contrast to what was observed in freely
decaying two-dimensional turbulence [15] in which the pdf of
the acceleration in the circular domain showed algebraic tails.

FIG. 6. Conditional pdf of Lagrangian velocity in the x direction
with respect to the three-level Weiss field in the double periodic
domain (top panel) and in the bounded circular domain (bottom
panel). Note that utot

L refers to the unconditioned velocity.

The conditional pdf for the intermediate values of the Weiss
field, P i(aL| − Q0 < Q < Q0), shows a sharp peak around
zero, indicating a stronger probability of weak acceleration
values in the intermediate region.

Figure 8 shows the conditional pdfs of the Lagrangian
curvature. In all cases self-similar power-law behavior can
be observed with a decay exponent of order −2. As discussed
in Ref. [10], this can be explained as follows. In isotropic
turbulence, the Lagrangian velocity uL is close to a Gaussian
distribution, which implies that u2

L is distributed accordingly
to a chi-squared distribution, and thus 1/uL

2 is distributed
according to an inverse chi-squared distribution whose tails
decay as (1/uL

2)−2 in two dimensions. Since κ = |an|uL
−2,

this implies that, under the isotropic turbulence and Gaussian
assumptions, the tails of the pdf of κ should decay as κ−2. Note
that in three dimensions the same argument yields the exponent
−2.5 [10]. The slight departures from this simple scaling
observed can be attributed to the nontrivial (non-Gaussian)
statistics and the dependence of the curvature on an.

VI. SUMMARY AND CONCLUSIONS

In this paper we have presented a study of the relationship
between Lagrangian statistics and flow topology, which we
characterized using the Weiss criterion. The Weiss criterion
provides a conceptually simple tool to partition the flow
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FIG. 7. Conditional pdf of Lagrangian acceleration in the x

direction with respect to the three-level Weiss field in the double
periodic domain (top panel) and in the bounded circular domain
(bottom panel). Note that atot

L refers to the unconditioned acceleration.

field into topologically different regions. By flow topology
we mean the topology of the streamlines. Since the flow is
assumed two-dimensional and incompressible, the streamlines
correspond to the level sets of the Hamiltonian describing
the Lagrangian orbits. Most of the previous studies have
considered the Weiss criterion in the Eulerian context. Here
we focused on the Lagrangian Weiss field. That is, we
considered the Weiss field along individual particle trajectories
rather than as a function of the spatial coordinates in the
flow. The flow field corresponded to forced two-dimensional
Navier-Stokes turbulence in double periodic and circularly
bounded domains, the latter with no-slip boundary conditions.
The study of the statistics focused on the residence time and on
the conditional probability density functions of the Lagrangian
velocity, acceleration, and curvature.

The flow topology was partitioned into strongly elliptic
regions for which Q � −Q0, strongly hyperbolic regions for
which Q � Q0, and intermediate regions for which −Q0 <

Q < Q0, where Q0 =
√

〈Q2〉, is the standard deviation of Q

values. In terms of the three-level Weiss field Q̂ = Q/Q0,
these regions correspond to Q̂ � −1, Q̂ � 1, and −1 < Q̂ <

1. The strongly elliptic regions correspond to the vortices,
the strongly hyperbolic regions correspond to the large strain
regions surrounding the vortices, and the intermediate regions
to the turbulent background.

FIG. 8. Conditional pdf of curvature with respect to the three-
level Weiss field in the double periodic domain (top panel) and in the
bounded circular domain (bottom panel).

A very good agreement was observed between the pdf
of the Eulerian Weiss field and the pdf of the Lagrangian
Weiss field, confirming statistical convergence. In the double
periodic domain, the pdf of the Weiss field exhibited a negative
skewness consistent with the fact that in periodic domains the
flow is dominated by coherent vortex structures, i.e., elliptic
regions. On the other hand, in the circular domain, the elliptic
and hyperbolic regions seem to be statistically similar. The pdf
of the Weiss field in the bounded domain is more intermittent
than in the periodic domain due to the large vorticity and
deformation fluctuations at the boundary resulting from the
no-slip condition.

To characterize statistically the time that particles spend in
the topologically different regions of the space, we computed
the pdfs of the residence time τ in the strongly elliptic regions,
P e(τ ), in the strongly hyperbolic regions, P h(τ ), and in the
intermediate regions, P i(τ ). The pdfs P e(τ ) and P h(τ ) exhibit
algebraic tails, and the pdf P i(τ ) exhibits exponential tails.
P e(τ ) provides an objective quantitative measure of the time
particles stay on a vortex even when the vortex exhibits a
complicated motion. This motivates the use of this pdf to
model waiting-time pdfs in continuous-time random-walk
descriptions of anomalous diffusion in turbulent systems with
coherent trapping structures.

To study the dependence of the Lagrangian statistics on
the flow topology, we investigated the conditional pdfs of the
Lagrangian velocity, acceleration, and curvature on the values

036314-7



KADOCH, DEL-CASTILLO-NEGRETE, BOS, AND SCHNEIDER PHYSICAL REVIEW E 83, 036314 (2011)

of the Lagrangian Weiss field. The conditional pdfs of the
Lagrangian velocity typically have Gaussian behavior in the
periodic and in the bounded domain, with the exception of
the pdf conditioned on the intermediate values of the Weiss
field in the periodic domain, which shows exponential decay.
The conditional pdfs of the Lagrangian acceleration have a
qualitatively similar shape in the periodic and the bounded
domains. Finally, the conditional pdfs of the Lagrangian cur-
vature displayed in all cases self-similar power-law behavior
with a decay exponent of order −2, reminiscent of the Gaussian
character of the single-point velocity statistics.

The Lagrangian Weiss criterion discussed in the paper
is limited to two-dimensional flows. The development and
test of an analogous criterion for three-dimensional flow is
an important topic of future research. To make progress on
this problem we might have to resort to more sophisticated
diagnostics to characterize coherent structures as discussed,
for example, in Refs. [30,31].

Note added in proof. We have become aware of another
paper [32] that also uses the Okubo-Weiss parameter to
distinguish the behaviors of Lagrangian particles in vorti-
cal and extensional regions in two-dimensional fluid turbu-
lence. We thank Dr. P. Perlekar for providing us with this
reference.
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A. Babiano, Nonlin. Proc. Geophys. 14, 139 (2007).
[10] H. Xu, N. T. Ouellette, and E. Bodenschatz, Phys. Rev. Lett. 98,

050201 (2007).
[11] W. Braun, F. De Lillo, and B. Eckhardt, J. Turbul. 7, 62, 1468

(2006).
[12] M. Wilczek, O. Kamps, and R. Friedrich, Physica D 237, 2090

(2008).
[13] F. Toschi and E. Bodenschatz, Annu. Rev. Fluid Mech. 41, 375

(2009).
[14] P. K. Yeung, Annu. Rev. Fluid Mech. 34, 115 (2002).
[15] B. Kadoch, W. J. T. Bos, and K. Schneider, Phys. Rev. Lett. 100,

184503 (2008).
[16] K. Schneider and M. Farge, Phys. Rev. Lett. 95, 244502

(2005).

[17] P. Angot, C. H. Bruneau, and P. Fabrie, Numer. Math. 81, 497
(1999).

[18] K. Schneider, Comput. Fluids 34, 1223 (2005).
[19] D. Lilly, Phys. Fluids Suppl. II 12, 240 (1969).
[20] J. M. Ottino, The Kinematics of Mixing: Stretching, Chaos,

and Transport, Cambridge Texts in Applied Mathematics (Cam-
bridge University Press, New York, 1989).

[21] N. T. Ouellette and J. P. Gollub, Phys. Rev. Lett. 99, 194502
(2007).

[22] N. T. Ouellette and J. P. Gollub, Phys. Fluids 20, 064104 (2008).
[23] A. Okubo, Deep-Sea Res. 17, 445 (1970).
[24] J. Weiss, Phys. D 48, 273 (1991).
[25] C. Basdevant and T. Philipovitch, Physica D 73, 17 (1994).
[26] S. V. Annibaldi, G. Manfredi, and R. O. Dendy, Phys. Plasmas

9, 791 (2002).
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